In this paper we present some applications of Groebner bases theory and toric ideals to the (1, 1)−Segre model arising in manufacturing. A digraph associated to the model is studied, in order to establish the optimal transportation plan. 1
Introduction
The classical transportation problem in integer programming was studied from different points of view. Recently, the Groebner bases theory succeeds in that field and many authors gave interesting contributes. If we consider n factories and m stores that exchange units of an indivisible good, the situation can be modelled by the Segre Variety, a product of two projective spaces, and we call this model (1, 1)−Segre model. We are also interested to improve the situation in natural way employing a Segre product of two square-free Veronese varieties because this can reflect many life phenomena in this field ( [3] ). In this paper we present some applications of Groebner bases theory to the (1, 1)−Segre model. In particular, we study the semigroup K−algebras homomorphismπ 1 between the polynomial ring K[z ij , 1 ≤ i ≤ n, ≤ j ≤ m] and a monomial algebra on K, the Segre product of two polynomial rings in n and m variables, and the semigroup homomorphism π 1 , lifted byπ 1 . Each fiber of π 1 represents all possible transportation plans having specific data, depending from the distribution of the good summarized by a bistochastic matrix. In order to study the problem of the minimal cost, we introduce a term order ≺ in the set of the monomials of the ring K[z ij , 1 ≤ i ≤ n, 1 ≤ j ≤ m]. We refine the term order ≺ to a new term order ≺ ω by a vector cost ω (in our case a cost matrix) and we determine the optimal cost considering the sink of a digraph having as support a fiber of π 1 and a given direction on the edges depending on ≺ ω . For small fibers we are able to give same examples; for big fibers, we utilise in a crucial way softwares CoCoA and Macaulay2, for computing in commutative algebra and combinatoric. More precisely, in n. 2 we recall definitions and results about the (1, 1)−Segre model, giving the Groebner basis of the toric ideal of the monomial algebra representing the (1, 1)−model with respect to the term order introduced in
, so called diagonal term order. After we introduce a term order by a cost vector ω. In n.3 we study the digraph π −1 (b) F ,≺ , where π −1 (b) is a fiber of π 1 , F ⊂ ker π 1 is a set of moves of π 1 , and we determine the lattice points in the fiber that are sinks for the digraph. The theory of Groebner bases permits us to establish when the sink of a digraph is unique and, as a consequence, the transportation plan is optimal. Some examples are given for small fibers.
Preliminaries and Notations
Let n and d be two integer positive numbers. Let A = {a 1 , ..., a n } be a fixed subset of lattice vectors in Z d . We consider the homomorphism of semigroups π :
..+u n a n , where u = (u 1 , ..., u n ). The image of π is the semigroup generated by A, N A = {λ 1 a 1 + ... + λ n a n , λ 1 , ..., λ n ∈ N }. For the following, we will consider the semigroup N n as a semigroup of Z n , N n ⊂ Z n . We assume that A = {a 1 , ..., a n } lies in N d \{0} that is each lattice vector a i is non-zero and non-negative, and let b ∈ N A ⊂ N d . Let u ∈ Z n . It can be written uniquely as u = u + −u − ,where u + and u − are vectors with nonnegative components and disjoint support, where supp u = {i ∈ N, u i = 0}. Then ker π = {u ∈ Z n , π(u + ) = π(u − )}. We call move an element of ker π and fiber of A on b the finite set π −1 (b) = {u ∈ N n : π(u) = b}. Let F ⊂ ker π be a finite subset of ker π. Now, in order to apply in the transportation problem, we recall some results. 
We call both π 1 andπ 1 the (1, 1)− Segre model associated to the configuration
The following Theorem gives informations about the toric ideal and the Groebner basis of the model. 
is a polynomial ring in nm variables and I is the toric ideal of the Segre product. Then we have: 1) I is generated minimally by the set of binomials
2) The set {z ij z kl − z il z kj , 1 ≤ i < k ≤ n, 1 ≤ j < l ≤ m} is a reduced Groebner basis for I with respect the diagonal term order on the given set of binomials.
Proof. See [1] or [5] , Proposition 5.4.
Theorem 2.3 produces, as a consequence, by the ideal for I A , the following:
Then each move of π 1 is a s × t−matrix, containing only one 2 × 2− submatrix of the type :
Proof. See [2] , Theorem or [5] , Chap.5 ( only for s = t = 3). Proof. [5] , Theorem 5.5.
Remark 2.7 Families of subgraphs of the graph G that are connected are determined in [4] , by using the structure of the Groebner basis of a Segre product of two graded K−algebras. Now we recall some definitions on the representation of term orders by weight vectors, in order to apply to the problem of minimal cost in the transportation problem.
Let ω = (ω 1 , . . . , ω n ) ∈ R n be a vector, where R is the real number field.
We define the initial form in ω (f ) of f with respect to ω to be the sum of all terms c i x a i of f such that the inner product ω · a i is maximal.
Definition 2.9 For any ideal I ⊂ K[x], we define the initial ideal of I with respect to ω to be the ideal generated by all initial forms of I: in ω (I) = (in ω (f ), f ∈ I).
Let ω ≥ 0 (ω i ≥ 0, ∀i) and let ≺ be an arbitrary term order on the monomials of k[x].
Definition 2.10
We define a new term order ≺ ω as follows:
Proposition 2.11 Let ω ≥ 0 and G be a Gröbner basis of the ideal I ⊂ K[x] with respect to ≺ ω . Then we have:
1. the set {in ω (g), g ∈ G} is a Groebner basis for in ω (I) with respect to ≺ and in
if in ω (I) is a monomial ideal, then in ω (I) = in ≺ω (I).
Proof. See [5] , Proposition 1.5, Corollaries 1.9 and 1.10.
The digraph of the (1, 1)−Segre model
In this section we deal with a digraph associated to the model and we discuss an approach to the topics of the optimal transportation plan, using the Groebner basis of the model. Let ≺ be any term order on N st . In [5] , Chap.5, a direct graph is defined starting from the graph G = π −1 1 (b) F in Definition 2.5. We will use that in the transportation problem.
We recall:
In the following, let
be. Using the Groebner basis theory, we have: Proof See [5] , Chap.5.
The following theorem derives from Theorem 5.5 of [5] ; we prove it here in our context. (=⇒) Suppose B is not a Groebner basis for I A 1 and reduce each z u modulo B. Then, there exists a binomial z
is divisible for each initial term of the binomials of B. It follows that u 1 and u 2 are two distinct sinks for G .
Remark 3.5
We can have more sinks in G . It depends from the number of elements that need for completing the set B to a Groebner basis of I A 1 . Theorem 3.6 Fixed a vector cost ω ∈ N st , let ≺ be a term order in N st and ≺ ω the term order that refines ≺. Consider a Groebner basis B for I A 1 with respect the term order ≺ ω . Then, for each b ∈ N s+t , each monomial
, has a unique normal form z u and u ∈ N st is the unique optimal transportation plan with respect to the cost vector ω.
Proof. Proof: See [5] , Chap.5. 1) the optimal transportation plan is unique 2) the digraph G has a unique sink
3) B is a Groebner basis for I A 1 with respect the term order ≺ ω .
Corollary 3.8 For any m and n = 2 or any n and m = 2, the optimal transportation plan is unique.
Proof. In both cases, the toric ideal I A 1 is generated by a universal Groebner basis U ( [5] , Example 1.4). In particular U is a Groebner basis for the term order ≺ ω . Then 3) is satisfied and the assertion follows.
Consider the minimal set of generators of I A 1 which is a Groebner basis for the diagonal order ≺ introduced in K[z], ( [5] , Proposition 5.4). We refine ≺ by ω and let ≺ ω be the resultant term order. Remark 3.9 I A 1 could be not generated by a Groebner basis with respect the term order ≺ ω . It depends from ω. If in ω (I A 1 ) is a monomial ideal, then in ω I A 1 = in ≺ω I A 1 and if in ≺ω I A 1 = in ≺ I A 1 , the system of minimal generators of I A 1 is a Groebner basis with respect to ≺, the diagonal term order, and with respect the term order ≺ ω and each binomial of the Groebner basis for I A 1 has the same initial term for both orders ≺ and ≺ ω .
From the previous considerations, we call a vector cost ω optimal if in ≺ I A 1 = in ≺ω I A 1 . If ω is optimal, it is obvious that the corresponding transportation plan is optimal. Proposition 3.10 Let ≺ be the diagonal term order, then the cost vector ω is optimal if and only if for any 2 × 2−submatrix of the matrix (ω ij ) the sum of the entries in the main diagonal is greater than the sum of entries of secondary diagonal. All entries not involved in a such matrix are zero, so the matrix (u ij ) is a vector of N st with all non zero coordinates, except that ones correspondent to the entries of the submatrix. For every 2 × 2−submatrix of the cost matrix (ω ij ) ω i l j l ω i l jm ω imj l ω imjm consider the sums (ω i l j l +ω imjm ) and(ω imj l +ω i l jm ). If ω i l j l +ω imjm > ω imj l +ω i l jm , the initial term of the binomial z i l j l z imjm − z i l jm + z imj l ∈ I A 1 with respect to ≺ ω and corresponding to the move (u ij ) is the same that the corresponding to the diagonal term order, hence the assertion.
(⇒) Suppose the initial term of the binomial of I A 1 is that one coming from the diagonal term order. This implies that ω i l j l + ω imjm > ω imj l + ω i l jm and this completes the proof.
Remark 3.11 Consider a vector ω not optimal. In this case I A 1 has Groebner basis B 1 with respect to ≺ ω different from the Groebner basis B obtained adopting the diagonal term order, and we have at least an other element a in the Groebner basis B 1 , since B is a minimal system of generators of I A 1 . If we delete this binomial a from the set B 1 and consider the reduction of each element z u , u ∈ N st , in the same fiber, modulo B = B 1 \{a} , we will obtain at least two distinct sinks in the fiber.
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